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Abstract 



We establish the reciprocity law along a vertical curve for residues of differential forms on 
^ ' arithmetic surfaces, and describe Grothendieck's trace map of the surface as a sum of residues. 

y-^ , Points at infinity are then incorporated into the theory and the reciprocity law is extended to 

• all curves on the surface. Applications to adelic duality for the arithmetic surface are discussed. 
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^ '. 1 Introduction 

Grothendieck's trace map for a smooth, projective curve over a finite field can be expressed as a 
sum of residues over all closed points of the curve (see III. 7. 14]). This result was generalized 
to algebraic surfaces by A. Parshin [TH] using his theory of two-dimensional adeles and residues for 
O^l ' two-dimensional local fields. The theory for arbitrary dimensional algebraic varieties is essentially 

^ , contained in A. Beilinson's short paper on higher dimensional adeles [1] , with considerable additional 

work by J. Lipman [10], V. Lomadze [T3|, D. Osipov [16], A. Yekutieli [21], et al. In all these existing 
QQ , cases one restricts to varieties over a field. The purpose of this and the author's earlier paper [15] 

is to provide the first extension of the theory to non-varieties, namely to arithmetic surfaces, even 
taking into account the points 'at infinity'. 

In the standard approach to Grothendieck duality of algebraic varieties using residues, there 
are three key steps. Firstly one must define suitable local residue maps, either on spaces of differ- 
ential forms or on local cohomology groups (the latter approach is followed by E. Kunz [9] using 
Grothendieck's residue symbol [31 III. §9]). Secondly, the local residue maps are used to define the 
dualizing sheaf, and finally the local residue maps must be patched together to define Grothendieck's 
trace map on the cohomology of the dualizing sheaf. In a previous paper, the author |15| carried 
' out most of the first two steps for arithmetic surfaces, as we now explain. 

Section [5] provides a detailed summary of the required results from [TS] , while also establishing 
several continuity and vanishing results which are required later. Briefiy, given a two-dimensional 
local field F of characteristic zero and a fixed local field K < F, we introduced (see section 12. ip a 
relative residue map 

Rcsf : ^T/K ^ K, 

where ^'^p'/^ is a suitable space of 'continuous' relative differential forms. In the case F = K{{t)), 
this is the usual residue map; but if F is of mixed characteristic, then this residue map is new 
(though versions of it appear in I. Fesenko's two-dimensional adelic analysis [S] §27, Prop.] and in 
D. Osipov's geometric counterpart [TBI Def. 5] to this paper). Then the reciprocity law for two- 
dimensional local rings was proved, justifying our definition of the relative residue map for mixed 
characteristic fields. For example, suppose A is a characteristic zero, two-dimensional, normal, 
complete local ring with finite residue field, and fix the ring of integers of a local field Ok < A. To 
each height one prime y <Z A one associates the two-dimensional local field Frac Ay and thus obtains 
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a residue map ReSj, : f^pi.^cA/K ^ ^ (^^^ section [321) • We showed 

" ,w = 



^Resj, 



for all ll> G ^^FracA/if- '^^'^ main new result in section [5] is lemma stating that the residue map 
ReSy is continuous with respect to the m-adic topology on A. 

Geometrically, if tt : X — > Spec Ok is an arithmetic surface and one chooses a closed point x G X 
and an irreducible curve y C X passing through x, then one obtains a residue map 

ReSa:,y : ^K(^X)/K ~^ ^-kIx)! 

where K^(^x-^ is the completion of K at the prime sitting under x (see section ^TM for details). The 
established reciprocity law now takes the following form: 

ReSa-.j, = 0, 

y s.t. y3x 

where one fixes lu G ^\i(x)/K ^^"^ ^^'^ summation is taken over all curves y passing through a fixed 
point a;. 

As discussed above, the second step in a residue-theoretic approach to Grothendieck duality is 
a suitable description of the dualizing sheaf. This was also given in [T3] : if tt : X — > Spec Ok is 
an arithmetic surface (the precise requirements are those given at the start of section [3]), then the 
dualizing sheaf UJ.^ of tt can be described as follows: 

^tt{U) = {w e ^]((^x)/K ■RQSx,y{fuj) G Ok,t,(x) for 

all .T G y C [/ and / G Ox,y} 

where x runs over all closed points of X inside U and y runs over all curves containing x. 

This paper treats the third step of the process. In order to patch the local residues together 
to define the trace map on cohomology, one must, just as in the basic case of a smooth, projective 
curve, establish certain reciprocity laws. For an arithmetic surface, these take the form: 

ReSa;.j,w = 0, Res^_ya; = 0. 

y s.t. y3x X s.t. x^y 

In both cases one fixes uj G ^\[i^x)/K^ ^^'^ ?n:st summation is taken over all curves passing through 
a fixed point x while the second summation is over all closed points of a fixed vertical curve y. The 
first of these laws, namely reciprocity around a point, has already been discussed, while section [3] 
establishes the reciprocity law along a vertical curve: the key idea of the proof is to reduce to the 
case when Ok is a complete discrete valuation ring and then combine the reciprocity law around a 
point with the usual reciprocity law along the generic fibre. 

Section |4] uses the Parshin-Beilinson higher adeles for coherent sheaves to express Grothendieck's 
trace map 

tr^ : H\X,UJ^) Ok 

as a sum of the residue maps (ReSx,y)x,y Indeed, the reciprocity laws imply that our residue maps 
descend to cohomology: the argument is analogous to the case of a smooth, projective curve, except 
we must work with adeles for two-dimensional schemes rather than the more familiar adeles of a 
curve. Remark 14.101 explains the basic framework of the theory in arbitrary dimensions. 

Whereas the material discussed above is entirely scheme-theoretic, the final part of the paper is 
the most important and interesting from an arithmetic perspective as it incorporates archimedean 
points (points at infinity). It is natural to ask whether there exists a reciprocity law for all curves on 
X, not merely the vertical ones, when Ok is the ring of integers of a number field. By compactifying 
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Spec Ok and X to include archimedean points in section [SJ we indeed prove a reciprocity law for 
any horizonal curve y on X. Owing to the non-existence (at least naively) of SpecFi, this takes the 
form 

n ^^A^) = 1' 

X s.t. x(^y 

where ipx,y '■ ^k{x)/k ^ '^^ ^^'^ absolute residue maps, i.e. additive characters, and ui S ^k{x)/k- 
This provides detailed proofs of various claims made in [31 §27, §28] concerning the foundations 
of harmonic analysis and adelic duality for arithmetic surfaces, and extends Parshin's absolute 
reciprocity laws for algebraic surfaces to the arithmetic case. Essentially this yields a framework 
which encodes both arithmetic duality of K and Grothcndicck duality oi X S, and which would be 
equivalent to Serre duality were X a geometric surface; a comparison of these results with Arakelov 
theory has yet to be carried out but there is likely an interesting connection. 

Combined with |15| . which should be seen as a companion to this article and which contains 
a much more extensive introduction to the subject, these results provide a theory of residues and 
explicit duality for arithmetic surfaces. The analogous theory for an algebraic surface fibred smoothly 
over a curve is due to Osipov [16], who proved, using Parshin's reciprocity laws for an algebraic 
surface, the analogues of our reciprocity laws around a point and along a vertical curve, and also 
showed that the sum of residues induces the trace map on cohomology. 

1 . 1 Notation 

When differential forms appear in this paper, they will be 1-forms; so we write ^a/r in place of 
^A/R *° notation. Frac denotes the total ring of fractions; that is, if i? is a commutative ring 
then Fraci? = S~^R, where S is the set of regular elements in R. The maximal ideal of a local ring 
A is usually denoted m^; an exception to this rule is when A = Op a discrete valuation ring with 
fraction field F, in which case we prefer the notation pp. 

When X is a scheme and n > 0, we write X" for the set of codimension n points of X. Xq 
denotes the closed points of X. X will typically be two-dimensional, in which case we will often 
identify any y G X^ with the corresponding irreducible subscheme {j/}; moreover, 'x G y' then more 
precisely means that a; is a codimension 1 point of {y}. 'Curve' usually means 'irreducible curve'. 
Given z G X, the maximal ideal of the local ring Ox,z is written mx,z- 

I A means that / is a height one ideal of the ring A. 

1.2 Acknowledgements 

I am thankful to I. Fesenko, A. Beilinson, and A. Yekutieli for discussions about this work. Parts 
of this research were funded by the Simons foundation and the EPSRC, and I am grateful to both 
organisations for their support. 

I heartily thank the referee for suggestions and for reading the article in considerable depth, 
bringing to my attention several important issues which would have otherwise escaped my notice. 

2 Relative residue maps in dimension two 

In |15| , a theory of residues on arithmetic surfaces was developed; we repeat here the main definitions 
and properties, also verifying several new results which will be required later. 

2.1 Two-dimensional local fields 

Suppose first that _F is a two-dimensional local field (i.e., a complete discrete valuation field whose 
residue field F is a local ficlcfl) of characteristic zero, and that K < F is a local field (this local 

^In this paper our local fields always have finite residue fields, though many of the calculations continue to hold in 
the case of perfect residue fields. 
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field K will appear naturally in the geometric applications); write ^'^pji^ = ^^o^/Ok ^ (^'-"' ^ 
module over a local ring A, we write M™p = M/ nn>o ^a^^ ^'^^ ^^^^ maximal separated quotient of 
M). Let kp be the algebraic closure of K inside F; Fhis is a finite extension of K and hence is also 
a local field. 

If F has equal characteristic then any choice of a uniformiser t ^ F induces a unique kp- 
isomorphism F = kp{{t)), and ^q^/^^ = Opdt. The relative residue map, which does not depend 
on t, is the usual residue map which appears in the theory of curves over a field (e.g. |19[ 11.7]): 

resp : flp^'^j^ -?■ kp, /di i~> coeft^-i/, 

where the notation means that / is to be expanded as a series in powers of t and the coefficient of 
is to be taken. 

If _F is a mixed characteristic two-dimensional local field then F/kp is an infinite extension of 
complete discrete valuation fields, and F is called standard if and only ii e{F/kp) = 1. If is 
standard then any choice of a first local parameter t G Op (i.e., t is a uniformiser in the local field 
F) induces a unique fci?-isomorphism F = kF{{t}}{:=the completion of FTa.c{Okp [[t]]) at the discrete 
valuation corresponding to the prime ideal pfej^Ofej^ [[t]]; see [HI Ex. 2.10]), and $7^^^^^^ = Opdt; so 
wc may define 

resi? : flp^p^ kp, f dt ^ — coeftj-i/, 

which was shown in [151 Prop. 2.19] not to depend on the choice of i. (The notation again means that 
/ is to be expanded as a series in powers in t, but this time in the field kp{{t}}, and the coefiicient 
of taken). If F is not necessarily standard, then choose a subfield M < F which is a standard 
two-dimensional local field, such that F/M is a finite extension, and which satisfies kn = kp. The 
relative residue map in this case is defined by 

resF = res A/ o Ttp/m ■ ^f]k ^f, 

which was shown in [15[ Lem. 2.21] not to depend on RF 

In both cases, it is also convenient to write Kcsp = Tr^t^/^ oicsp : i^^/^ K. Also note that 
resi? is fci?-linear, and that therefore Rcs^? is ii'-linear. The expected functoriality result holds: 



Lemma 2.1. Let L be a finite extension of K . Then is naturally isomorphic to ^p/j^ ®p L, 

so that there is a trace map Tr^/j? : i^^*/^ ilp^j^. If io G fl'j^Jj^, then 

'Resp{TiL/p uj) = Resi ui 

in K . 

Proof. In the equal characteristic case this is classical; e.g., see [THl 11.12 Lcm. 5]. For the mixed 
characteristic case, see [Kl Prop. 2.22]. □ 

Next we show a couple of results on the continuity of residues which, though straightforward, 
will be frequently employed. A stronger, similar result is lemma [2781 later . 



Lemma 2.2. Suppose that lu G ^pj^^ is integral; i.e., belongs to the image o/Jl^^^^^. Then 
TCSpuj G Okfp and so Kespui G Ok! in fo^ct, if F is equal characteristic, then lespuj = 0. 

Proof. In the equal characteristic or standard case this follows immediately from the definitions. 
In the non-standard, mixed characteristic case, one picks a standard subfield M as above and uses 
a classical formula for the different of OpjOu to show that the trace map ^i^J^ — >■ fi^*;/^ may 
be pulled back to ^q'^iq^ ~^ ^oL/O/f' ^'"'-"^ which the result follows. See [151 §2.3.4] for the 
details. □ 
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Remark 2.3. It was also shown in [TSl Cor. 2.23] that, when F has mixed characteristic, the 
foUowing diagram commutes: 



^F/K ^ ^ 

e(F/A')Rcs-p 

The top horizontal arrow here makes sense by the previous lemma, and the lower horizontal arrow 
is the ramification degree e{F / K) times the residue map for the local field F of finite characteristic, 
which contains the finite field K. 

Corollary 2.4. Fix uj e nfjj^. Then 

F^K, f ^Respi fuj) 

is continuous with respect to the discrete valuation topologies on F and K ; in fact, if F is equal 
characteristic, then it is even continuous with respect to the discrete topology on K . 

Proof. After multiplying w by a non-zero element of F ^ we may assume that lj is integral in the 
sense of the previous lemma. If F is equal characteristic then Ker(/ i— > resi?(/a;)) contains the 
open set Op, proving continuity with respect to the discrete topology on K. Now assume F has 
mixed characteristic and let tt be a uniformiser of K] since F/ K is an extension of complete discrete 
valuation fields, we may put e e{F/K) — I'pi'^) > 0. Then the previous lemma implies 

Res(p^"a;) = Resin^'OFUj) = tt" Rcs{Ofcj) C 

for all s G Z, proving continuity with respect to the discrete valuation topologies. □ 



2.2 Two-dimensional complete rings 

Let A be a two-dimensional, normal, complete, local ring of characteristic zero, with a finite residue 
field of characteristic p; set F = Frac A. Then there is a unique ring homomorphism Zp — > A and it 
is a closed embedding; let Ok be a finite extension of Zp inside A; i.e.. Ok is the ring of integers of 
K , which is a finite extension of Qp. 

If y C A is a height one prime (we often write y A), then Ay is a complete discrete valuation 
ring; its field of fractions Fy := FracAj, is a two-dimensional local field containing K. Moreover, 
there is a natural isomorphism f^^y^^ CS)a Ay = ^^x'/k ^^^^ Lem. 3.8]); so we define ReSy : 
^A/Ox ®^ ^ ^ ^'^ *° composition 

The definition of the residue maps is justified by the following reciprocity law: 

then for all hut finitely many height one primes y <Z A the 

ReSy a; = 0. 

□ 

As is often the case, the residue law was reduced to a special case by taking advantage of 
functoriality: 



Theorem 2.5. Let uj e ^a/Ok ®^ ^' 
residue ReSj, uj is zero, and 



Proof See [H Thm. 3.10]. 
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Lemma 2.6. Suppose that C is a finite extension of A which is also normal; set L = FracC. Then 
for any tu £ ^^p/'q^ ®c L and any height one prime y C A, we have 

ReSy (Tr^, /put) = Resy u>, 

Y\v 

where Y varies over the finitely many height one primes of C which sit over y. 

Proof See [H Thm. 3.9]. □ 

The proof of the reciprocity theorem also required certain results on the continuity of the residues 
whose proofs were omitted in |15] : we shall require similar such results several times in this article 
and now is a convenient opportunity to establish them; 

Lemma 2.7. Set B = Ok[[1]]j M = FracB and let u) G ^'^g^/Q^^ ®b M; then, for any height one 
prime y <Z B , the map 

B ^ K, / M> ReSy fuj 

is continuous with respect to the mB-adic topology on B and the discrete valuation topology on K . 

Proof. We first consider the case when y = pB is generated by an irreducible Weierstrass polynomial 
p{t) G Ok [t] ■ Let K' be a sufficiently large finite extension of K such that p splits into linear factors 
in K'] the decomposition has the form p{t) = HiLil^ ~ ^i) with d = degp and \i G pK' since his a 
Weierstrass polynomial. Put B' = C'if'[[t]] and M' = Fraci?'. According to functoriality of residues 
(the previous lemma), we have 

d 

ReSy Tr^// uj ~ Res-^i w 
i=i 

for all oj G ^''b^/Qj^ ®b' M' , where Yi = {t — Xi)B' . Since multiplication by / G commutes with 
the trace map. it is now enough to prove that 

B' — > A', / i-> Resy^ fuj 

is continuous for all i and all w G ^^^70^ other words, replacing K by K' and B by 

B', we have reduced to the case when p{t) is a linear polynomial: p{t) = t — A, with A G px- After 
another reduction, we will prove the continuity claim in this case. 

Let TT be a uniformiser for K. It is well-known that ^^b^q^ = B dt and that any element of M 
can be written as a finite sum of terms of the form 

with h G Oxit] an irreducible Weierstrass polynomial, ?' > 0, n G Z, and g £ B (a proof was given 
in [ini Lem. 3.4]). By continuity of addition K x K — > K and of the multiplication maps B^B, 
K > /v , it is enough to treat the case 

Lj ^ h^^ dt., 

where h G Oz-c [t] is an irreducible Weierstrass polynomial. 

Now return to y = pB, p = t — X. li h p, then h^^dt G ^'^b^q^ By, and so ReSj^(i?w) = 
by lemma 12.21 which is certainly enough. Else h = p, which we now consider. To obtain more 
suggestive notation, we write ty := p{t) = i — A; thus 

UJ = h^^ dt = t^^ dty. 
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Let m > 0; we claim that if n > m + r then RcSj,(m^cj) C p^. Since A is divisible by tt, the maximal 
ideal of B is generated by tt and ty: 

xriB = (7r,<) = {TT,ty). 

Therefore an arbitrary element of is a sum of terms of the form n^t^g, with g G B, a, > 0, 
and a + (3 > n, and so it is enough to consider such an element. Moreover, again since tt divides A, 
there is a unique continuous isomorphism 

OK[[ty]] ^ OkM], ty^t-X, 

and therefore g G B may be written as 

r-l 

with Gj e Ok and gi € B (we could extend this expansion to infinity, of course, but since we are 
trying to prove continuity, it is better not to risk confusion between 'formal series' and 'convergent 
series'). Then 

Rcsyiir'^t^yguj) = tt" Res,^ ^^t^^"'^ ^ a^t^ dt^ j + Res„(t^5i dty). (f) 

The second residue is zero by lemma 12.21 again since tf^gi G B. li /3 > r then the first residue 
is zero for the same reason; but if /3 < r then it follows that a > m, whence the first residue is 
7r"ar-/3-i € Pk ^ P^- So in any case, (f) belongs to p^, completing the proof of our claim and 
thereby showing the desired continuity result for y = pB. 

Having treated the case of a prime y generated by a Weierstrass polynomial, we must secondly 
consider y = ttB. By exactly the same argument as above, we may assume that uj = h"^ dt, with h 
an irreducible Weierstrass polynomial. Then My = K{{t}} and h~'^ € By; hence h^^ may be written 
as a series 

where aj — > in Ok as j —oo. Let m > be fixed, and pick J > 2 such that aj G Pk whenever 
j < — J. Wc claim that ifn> J— 2 + m then RcSj,(m^a;) C p^. Since an arbitrary element of 
is a sum of terms of the form n^t^ g, with g G B, a, (3 > 0, and a + /3 > n, it is enough it consider 
such an element; write g = X^i^o Then 

Res,y(7r"t''5a;) = ReSyi-K^t^ gh-'' dt) 

(OO 
b,f ujt^ 

oo 

i=0 



e 



p^+"' if /? > J - 2 
p^, in any case. 



But a + /3>J — 2 + m and so if it is not the case that /3 > J — 2, then it follows that a > m; so, 
regardless of which inequality holds, we obtain ReSy(7r"i^ga;) S p^, as required. □ 

Now wc extend the lemma to the general case of our two-dimensional, normal, complete, local 
ring A. This result is a significant strengthening of corollarv l2.4[ since the nXyi-adic topology on A 
is considerably finer than the y-adic topology, for any y A. 



7 



8 



Matthew Morrow 



Lemma 2.8. Let lo € ^"ajok ®^ ^ ' ^^^""^^ uniformly in y, the map 

A -> K, f M> Res.y fuj 

is continuous with respect to the mA-adic topology on A and the discrete valuation topology on K . 

Proof. Firstly, it is enough to prove that the given map is continuous for any fixed y; the uniformity 
resuh then fohows from the fact that, for almost all y A, lu belongs to and y does not 

contain pK', for such primes, ReSy Auj = by lemma [221 

By Cohen structure theory [2] (the details of the argument are in [151 Lem. 3.3]), there is a 
subring B < A containing Ok which is isomorphic to ©^[[t]] and such that ^ is a finitely-generated 
S-module; set M = Fraci?. Write uj = gojo for some g G F and ljq G ^^b/Ok ®b M. 

Now we make some remarks on continuity of the trace map. Tr^/j\f (At/) is a finitely generated 
i3-module and so there exists go G such that Tr^/j^f (Ag) C Bg^. Moreover, since A/B is a finite 
extension of local rings, one has C msA for some s > 0. Hence Trj^/j^f (m^''^) C m^^o for all 
n > 0, meaning that the restriction of the trace map to Ag — Bg^ is continuous with respect to the 
m-adic topologies on each side. It immediately follows that 

t:A^B, f^TTF/Mif9)9o' 

is both well-defined and continuous. 

Functoriality (lemma l2.6p implies that for any y (Z^ B, 

Rcsy foj = Rcsy Trp/Mif^) 

y\y 

for all / £ A, where Y varies over the finitely many height one primes of A which sit over y. The 
right hand side may be rewritten as 

ReSy(T(/)5oWo) 

where go'^o G ^b/Ok- ®^ according to the previous lemma, this is a continuous function of /. In 
conclusion, 

A^K, /H^^Resy/c. (t) 

y\y 

is continuous, which we will now use to show that each map / i-^ Resy fco is individually continuous, 
thereby completing the proof. Fix m > 0. 

Let Yi, . . . , Yj be the height one primes of A sitting over y, and let vi, . . . denote the corre- 
sponding discrete valuations of i^. If Z = 1 then there is nothing more to show, so assume I > 1. 
Since the map 

Fy, K, f ^ Rear, (fto) 

is continuous with respect to the discrete valuation topologies on each side (corollary 12. 4p , there 
exists S > (which we may obviously assume is independent of i) such that Resy. (/w) C 
whenever Ui{f) > S. According to the approximation theorem for discrete valuations, there exists 
an element e G F which satisfies z/i(e — 1) > S and :^i(e) > S* for i = 2, . . . , /. Now, since (f) remains 
continuous if we replace to by ew, there also exists J > such that J^Yly R.esy(/ew) G whenever 

So, if / e then 

Resyj (fw) = Resy^ (/(I — e)w) — ^ Resy. (/ew) + ^ Resy. (few) 

4=2 4=1 

belongs to since !^i(/(l — e)) > S and Vi{fe) > 5 for i = 2, . . . , Z. That is, Resy^ [mj^u) C p™, 
which proves the desired continuity result. □ 
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Remark 2.9. The previous lemma can be reformulated as saying that the residue map Kesp '■ 
^F^/AT ~^ ^ continuous with respect to the valuation topology on K and the vector space topology 
on 17^^^^, having equipped Fy with its two-dimensional local field topology [Tl] . 

Finally, regarding vanishing of the residue of a differential form: 

Lemma 2.10. Suppose that lo G ^1^^^^^ ®a F is integral, in the sense that it belongs to the image 
of and let y A. Then ReSj, G pK- If V does not contain p or if y is the only height one 

prime of A containing p, then ReSj, a; = . 

Proof. If y does not contain p then Fy is equal characteristic and we have already proved a stronger 
result in lemma [521 ReSy vanishes on the image of f^^/o^ ®A Ay. If instead y is the only height one 
prime of A containing p, then the vanishing claim follows from the reciprocity law and the previous 
case. 

Finally, suppose y contains p but do not assume that it is the only height one prime to do so. 
Using functoriality of differential forms and remark [2. 31 we have a commutative diagram 



1 



The residue map Res-p on the characteristic p local field Fy vanishes on integral differential forms; 
since A/y belongs to the ring of integers of Fy, it follows immediately from the diagram that 
Resy uj g pK. □ 



Example 2.11. This example will show that the previous lemma cannot be improved. We consider 
the 'simplest' A in which p splits. Set B = Zp[[T]], with field of fractions M, and let A = B[a] 
where a is a root of f{X) = X"^ — TX — p, with field of fractions F. Since f{X) does not have a 
root in B/TB — "Lp, it does not have a root in B, and so F/M is a degree two extension. Since A is 
a finitely generated i?-module, it is also a two-dimensional, complete local ring, and we leave it to 
the reader to check that A is regular, hence normal. 

In A, p completely splits as p = aiT — a), and therefore, setting y — a A, the natural map 

(Qp{{r}} = MpB ^ Fy 

is an isomorphism. Indeed, f{X) splits in the residue field BpB /pBpB ~ Fp((T)) into distinct factors 
and so Hcnscl's lemma implies that f{X) splits in BpB] i.e., a G BpB C MpB- 
One readily checks that a = —pT^^ modp^ in BpB = Ay, and therefore 

ReSy [a dT) = —p mod p^ . 

In particular, ReSy(adT) ^ even though adT is integral. 



2.3 Two-dimensional, finitely generated rings 

Next suppose that Ok is a Dcdekind domain of characteristic zero and with finite residue fields, 
and that _B is a two-dimensional, normal, local ring, which we assume is the localization of a two- 
dimensional, finitely-generated OK-algebra. Set A = Bm^ and s = ms fl Ok- Then A satisfies all 
the conditions introduced at the start of the previous subsection and contains Og Ok,s, which 
is the ring of integers of the local field Ks := FracCiv^^. Moreover, there is a natural identification 
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^b/Ok ®b a = fi^/Q (see [HI Lem. 3.11]). For each height one prime y C B, we may therefore 
define 

KeSy : ^Fra.cB/K ~^ Kg 

to be the composition 

f^FracB/K > fiprac S/K 'X'Frac B FraC A ^ ® A FraC A ^ Ks 

where y' varies over the finitely many primes of A, necessarily of height one, which sit over y. 
The reciprocity law remains true in this setting: 

Theorem 2.12. Let lj £ ^FiacB/K) then for all hut finitely many height one primes y <Z B the 
residue ReSj, lo is zero, and 

Res-y oj ~ 0. 

VC^B 

Proof [la Thm. 3.13] □ 

The following vanishing identity will be useful: 

Lemma 2.13. Let y B and suppose that uj S ^Fra.c b/k belongs to the image of Q,b^/q^ . Then 
ReSj, e 0^; in fact, if y is horizontal (i.e., y Cl Ok = 0) then ReSj, uj — 0. 

Secondly, suppose that there is only one height one prime y of B which is vertical (i.e., containing 
s) and that lo is in the image of . Then RcSj, a; = 0. 

Proof. The first claims follow_from lemma 12.21 since y being horizontal is equivalent to the two- 
dimensional local fields FracA^/, with y' C A sitting over y, being equi-characteristic. The second 
claim follows from the previous reciprocity law since any prime is either vertical or horizontal. □ 



2.4 Geometrisation 

Continue to let Ok be a Dedekind domain of characteristic zero and with finite residue fields. 
Let X be a two-dimensional, normal scheme, flat and of finite type over S = Spec Ok, and let 
^Ix/s = ^x/s ^^^^ relative sheaf of one forms. Let x € be a closed point sitting over a closed 
point s G 5*0, and lei y C X be an irreducible curve containing x. Identify y with its local equation 
(i.e., corresponding prime ideal) y C^Ox,x and note that Ox,x satisfies all the conditions which B 
did in the previous subsection. Define the residue map Res^j.y : i^K{x)/K — ^ Ks (= Fvac Ok,s) to be 

ReSy : ^FiacOx.^/K — > Kg. 
The reciprocity law now states that, for any fixed lu £ ^k{x)/k, 

ReSa;_y w = 

ycx 

s.t. yBx 

in Kg, where the sum is taken over all curves in X which pass through x. For a few more details, 
see [151 §4]. 



3 Reciprocity along vertical curves 

As explained in the introduction, residues on a surface should satisfy two reciprocity laws, one as 
we vary curves through a fixed point, and another as we vary points along a fixed curve. The first 
was explained immediately above and now we will prove the second. 
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Let Ok be a Dedekind domain of characteristic zero and with finite residue fields; denote by K 
its field of fractions. Let X be an O/f -curve; more precisely, X is a normal scheme, proper and fiat 
over S = Spec Ox, whose generic fibre is a smooth, geometrically connected curve. 

The aim of this section is to establish the following reciprocity law for vertical curves on an 
arithmetic surface: 

Theorem 3.1. Let uj G ^k(x)/k t ''■i^d, let y (Z X be an irreducible component of a special fibre Xg, 
where s ^ Sq. Then 

in Ks, where the sum is taken over all closed points x of y. 

Here, as usual, Og = Ok,s and Kg = FracOs. The proof will consist of several steps. We begin 
with a short proof of a standard adelic condition: 

Lemma 3.2. Let y G X be an irreducible curve, let f G Ox.y, o-nd let r > 1. Then f G Ox.x '^^x y 
for all but finitely many closed points a; G y. 

The result also holds after completion: if f € Ox,y, then f G Ox,x ^'^^xy^x,y Z*"" almost all x. 

Proof. Let U = Spec A be an open affinc neighbourhood of (the generic point of) y, let p C ^ be 
the prime ideal defining y, and set P = ACi p^Ap, B ^ A/P. If & G i? is not a zero divisor, then 
B/bB is zero-dimensional and so has only finitely many primes; hence only finitely many primes of 
B contain b. Set 

7 := fmodmx^y S Ap/p^'Ap = FracB; 

by what we have just proved, / belongs to Bq for all but finitely many primes q C i?, i.e. / G 
Ox,x + Tn^f y for all but finitely many x (z y HU . Since U contains all but finitely many points of y, 

we have finished. ^ 

The complete version now follows from the identity Ox.y/'<^^xy^x,y — ^x.y/^xy '-' 

The lemma lets us prove that the theorem makes sense: 

Lemma 3.3. Let uj G ^k{x)/k, o-i^-d let y C X be an irreducible component of a special fibre Xg, 
where s € Sq. Then the sum ^xey^^^^^v^ converges in the valuation topology on Ks (we will see 
that only countably many terms are non-zero). 
Moreover, 

K{X) ^ Ks, h ReSx.yjhuj) 

xey 

is continuous with respect to the topology on K{X) induced by the discrete valuation associated to 
y, and the s-adic topology on Ks. 

Proof. For any point z G X, let fi^ denote the image of z/Ok inside i^K{x)/K- Let r > 0. 

Let TT G Ok be a uniformiser at s, fix w G ^k{X)/k and pick a > such that tt^w G ily. 
Then it easily follows from the previous lemma that, for any r > 0, tt^w lies in il^ + TrTij, for 
almost all closed points x G y. But lemma 12.131 implies that if x is any closed point of y then 
TieSx^yi^^y) ^ ^s, and moreover that if x does not lie on any other irreducible component of the 
fibre Xg then ReSa;^y(fia;) = 0. We deduce that 

Rcsx^y 7r"a; G tt''Os 

for almost all closed points x G y. So Res^j^j^ w G tt^^"'Os for almost all x G y; since this holds for all 
r > we see that 

^Resx.y w 

xey 

converges and also that J2xey^'^^^^y^ ^ tt^^Os. 
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li h E K{X) satisfies i'{f) > b for some 6 G Z, then we may write h = tt^'m for some u G Ox,y 
Tliis implies that Ti°-^^huj G fij, and so, by what we have just shown, ^^^^ Res^j^j, G tt^^°'Os- 
This proves that h >■ X^^^ej, R-cs^^^j, /iw is continuous. □ 

Remark 3.4. The analogous vertical reciprocity law in the geometric setting is [Ml Prop. 6], where 
Osipov gives an example to show that it really is possible for the sum of residues along the points 
of y C Xg to contain infinitely many non-zero terms. 

We aim to reduce the vertical reciprocity law to the case of Ok being a complete discrete 
valuation ring by using several lemmas on the functoriality of residues. 

Let s be a non-zero prime of Ok-, and set Og = Ok.s, Kg = Frac Os as usual. Set X = X xq^^ Os 
and let p : X — > X be the natural map. Then p induces an isomorphism of the special fibres Xg = Xg 
and, for any point x G Xg, p induces an isomorphism of the completed local rings Ox^p{x} — x 
(see e.g. [T^ Lem. 8.3.49]). From the excellence of X it follows that Oj^ ^ is normal for all x G Xg, 
and therefore X is normal. So X is a Og-curvc, in the same sense as at the start of the section. 

Lemma 3.5. Let y C X be an irreducible curve and let x be a closed point of y. Then the following 
diagram commutes: 

^K{X)/K, 




^K{X)/K 

where y' varies over the irreducible curves of X sitting over y and x' is the unique closed point sitting 
over X (i.e., p{x') ~ x). 

Proof. This essentially follows straight from the original definitions of the residue maps in subsections 
12.31 and l2.4l Indeed, set B — Ox.x and let y C -B be the local equation for y at x, so that 



Kesx,v= ^ Resy" : fi^P 0^ Frac B ^ A'^ , 



y"\v 

where y" varies over the height one primes of B sitting over y. 

But we remarked above that there is a natural Os-isomorphism ^, = B, and this expression 
for the residues remains valid if B is replaced by Oj^^, and y is replaced by some y' sitting over y. 
Therefore 

ReSa^^y = ^ ReSy" 

y"dS 
y"\y 

y'c'O^ ^, y"dB 

y'\y y"\v' 

y'\y 
^^ReSaj/^y/, 

y'\y 

as required. □ 
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Corollary 3.6. Let y G X be an irreducible component of the special fibre Xg and let x be a closed 
point of y; let x' — p^^{x), y' = p^^(y) be the corresponding point and curve on Xs == ^s- Then the 
following diagram commutes: 



K{X)/K 




Res 



Informally, this means that residues along the special fibre Xs may he computed after completing 
Ok- 

Proof. The unique irreducible curve of X sitting over y is y', so this follows from the previous 
lemma. □ 

Corollary 3.7. // the vertical reciprocity law holds for X /Og, then it holds for X/Ok- 

Proof. This immediately follows from the previous corollary. □ 

In the remainder of the section (except remark [3791) . we replace X hy X and Ok by O^, so that 
the base is a now a complete, discrete valuation ring (of characteristic zero, with finite residue field, 
with field of fractions K being a local field). 

The horizontal curves on X are all of the form {z} for a uniquely determined closed point z of 
the generic fibre X^. Moreover, because our base ring is now complete, {z} meets the special fibre 
Xs at a unique point r(z), which is necessarily closed and is called the reduction of z. 

Lemma 3.8. For any oj e ^k{x)/k = ^k{x^)/k, 

Res . ^ -rrw = Res^ uj, 

where the left residue is the two-dimensional residue on X associated to the point and curve c(z) £ 
{z}, and the right residue is the usual residue for the K-curve Xri at its closed point z. 

Proof. This is a small exercise in chasing the definitions of the residue maps. Set B = Ox.t(z) ^^nd 
let p be the local equation for {z} at r(z). For any n > 0, B/p" is a finite ©A'-algebra, hence is 
complete. This implies that 

B/pB = B/p, 
whence p' = pB is prime in S, and also that 

BpVp'"Bp, =Sp/p"Bp. 

Therefore 

B^, = limi?p7p'"Bp, = limSp/p"Bp = % = 6^,. 

n n 

Then F := Fraci?p/ is the two-dimensional local field used to define the residue at the flag r(z) G {z}; 
it has equal characteristic, and we have just shown it is equal to FracOx^.^. But the residue map 
on a two-dimensional local field of equal characteristic was exactly defined to be the familiar residue 
map for a curve. □ 

Remark 3.9. If Ok is not necessarily a complete, discrete valuation ring, as at the start of the 
section, then the above lemma remains valid when reformulated as follows: Let z be a closed point 
of the generic fibre, and Xs a special fibre. For any w £ ^k(X)/k = ^K{Xr,)/Ki 

^GS^ UJ = KeSz w 

x£{z}nXs 
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where the left is the sum of two-dimensional residues on X associated to the flags x € {z} where 
X runs over the finitely many points in {z} n Xs, and the right residue is the usual residue at the 
closed point z on the curve X^. This may easily be deduced from the previous lemma using lemma 
15.11 below. 

Proof of theorem \3.1\ We may now prove the vertical reciprocity law. Let y), y2, • ■ • , 2/i be the 
irreducible components of the fibre X^. 

Firstly, combining the usual reciprocity law for the curve with the previous lemma yields 

where the sum is taken over closed points of the generic fibre and only finitely many terms of the 
summation arc non-zero. Since {z}, for z S (^r;)oj are all the irreducible horizontal curves of X, we 
may rewrite this as 



xGXq \ YGX horiz. 

s.t. YBx 



Moreover, according to the reciprocity law around a point from subsection [231 if a; G Xq is a closed 
point then 

Resj;,y i:j = 0, 



s.t. Y3x 



where only finitely many terms in the summation are non-zero. We deduce that 

/ 



E 



Y Rcsj;,y(a;) = 0, 



x&Xo \ YCX vort. 
\ s.t. Y5x 



where the sum is now taken over the irreducible vertical curves in X. That is, 



^^Res,,,.c. = 0, (t) 

i—l x^yi 



where the rearrangement of the double summation is justified by lemma 13.31 which says that each 
internal sum of (|) converges in K. 

If Xs is irreducible, then this is exactly the sum over the closed points of j/i = y and we have 
finished. Else wc must proceed by a 'weighting' argument as in lemma Let z^i, . . . , i/; be the 
discrete valuations on K{X) associated to yi, . . . , yi respectively. For m > 0, pick G K{X) such 
that vi{fm — 1) > m and i'i{fm) > w for i = 2, . . . , /; this exists because the arc inequivalcnt 
discrete valuations. Replacing w by /mW in (|) yields 

I 

y^ '^esx,y, fniuj = 0. 

i—l x€yi 



Letting m — !> cxd and applying the continuity part of lemma 13.31 yields 

I 

y^ y^ RcSj;^!,; /mO; = — > RcSx.j/i (jJ as m — > oo. 

i=l x£yi xdyi 



This completes the proof of theorem 13.11 □ 
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4 Trace map via residues on higher adeles 

Wc arc now ready to adelically construct Grothcndicck's trace map 

H^{X,UJ) Ok 

as a sum of our residues, where tt : X — > Spec Ok is an arithmetic surface and CJ ~ CJ^r is its relative 
duahzing sheaf. The key idea is to use the reciprocity laws to show that sums of residues descend 
to cohomology. 

Remark 4.1. Passing from local constructions to global or cohomological objects is always the 
purpose of reciprocity laws. Compare with the reciprocity law around a point in K. Kato and 
S. Saito's two-dimensional class field theory [5J §4]. Sadly, using reciprocity laws for the reciprocity 
map of two-dimensional local class field theory to construct two-dimensional global class field theory 
has not been written down in detail anywhere, but a sketch of how it should work in the geometric 
case was given by Parshin [l7]. More details, which are also valid in the arithmetic case, can be 
found in [3] Chap. 2]. 

4.1 Adeles of a curve 

We begin with a quick reminder of adeles for curves. Let C be a one-dimensional, Noetherian, 
integral scheme with generic point 77; we will be interested in both the case when X is smooth over 
a field and when C is the spectrum of the ring of integers of a number field. If £' is a coherent sheaf 
on C, then the adelic resolution of E is the following flasque resolution: 

x£Xo x£Xo 

Here i,-i{Er^) is the constant i?,, sheaf on X] E^ is the mx.x-adic completion of Ex, and ix{Ex) is the 
corresponding skyscraper sheaf at x; the 'restricted product' term O'is the sheaf whose sections on 
an open set U C X are 

J]^' ®Ox.. K{X) = {(/,) G n ^ ^(^) • e for all but finitely many x £ [/q}. 

The Zariski cohomology of E is therefore exactly the cohomology of the adelic complex A{X, E): 

^ ® n ^ ^ n' ^ ^'^(^) ^ 

xGXo x^Xq 

(ff, {fx)) ^ (.9 - /.) 

These observations remain valid if we do not bother completing E at each point x, leading to the 
rational adelic complex a{X,E) (classically called repartitions, e.g. |191 II.5]): 

x£Xo xGXq 

whose cohomology also equals the Zariski cohomology of E. 

4.2 Rational adelic spaces for surfaces 

The theory of adeles for curves was generalised to algebraic surfaces by A. Parshin, e.g. [18], and 
then to arbitrary Noetherian schemes by A. Beilinson [1]. The main source of proofs is A. Huber's 
paper [6|. We will describe the rational (i.e. no completions are involved) adelic spaces, defined in 
[6l §5.2], associated to a coherent sheaf i? on a surface X. More precisely, X is any two-dimensional, 
Noetherian, integral scheme, with generic point 77 and function field F = K{X). The quasi-coherent 
sheaf which is constantly F will be denoted F_. 
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Remark 4.2. We choose to use the rational, rather than completed, adelic spaces to construct 
the trace map only for the sake of simplicity of notation. There is no substantial difficulty in 
extending the material of this section to the completed adeles, which becomes essential for the 
dualities discussed in rcmark [5.6l 

4.2.1 Adelic groups 0, 1, and 2 

The first rational adelic groups are defined as follows: 

a(0) = F, a(l) = II Ox.y, a{2) = [] Ox... 

yex^ xex'^ 

More generally, if is a coherent sheaf on X, then we define 

a{0,E)^E^, a{l,E)^ Y[ Ey, a{2,E)^ J] E,. 

4.2.2 Adelic group 01 

Next we have the 01 adelic group: 

a(01) — {{fy) G F : 3 a coherent submodule M C F such that fy e My for aU y} 

= lim a{l,M) 

MCF 

where the limit is taken over all coherent submodules M of the constant sheaf F_. This ring is 
commonly denoted using restricted product notation: a(01) = IlyGXi ^- Again more generally, if 
E is an arbitrary coherent sheaf, we put 

a(01, F) = {{fy) e ]^ F,, : 3 a coherent submodule M C F^ such that fy e My for all y} 
= lii^ a(l,M), 

MCE„ 

where the limit is taken over all coherent submodules M of the constant sheaf associated to F,,. 

4.2.3 Adelic group 02 

Next, 

a(02) = {{fx) e ]^ F : 3 a coherent submodule MCF such that f^ G M^ for aU x} 

xex^ 

= linj a(2,Af), 

MCF_ 

where the limit is taken over all coherent submodules M of F. This ring is commonly denoted 
n^ex^ ^- leave it to the reader to write down the definition of a(02, F), for F an arbitrary 
coherent sheaf. 

4.2.4 Adelic group 12 

Remark 4.3. We first require some notation. If z G X is any point and is a Ox,z module, then 
we write 

[TV], =j,*(iV), 

where : Spec Ox,z ^ X is the natural morphism and N is the quasi-coherent sheaf on Spec Ox,z 
induced by N. For example, F = [Ox.r/lr;- 
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We may now introduce 

a(12) = H ay{12), 

where 

aj,(12) = {{fx) G ^x,y ■ 3 a coherent submodulc M C [Ox.y]y such that /a- G for ah a; G ?/} 

xey 

= hm a(2,M), 

where the hmit is taken over all coherent submodules M of [Ox.y]y Recall our convention that if 
y G then 'a; G y' means that x is a codimension one point of the closure of y; more precisely, 
X &x^n {y}. 

We again leave it to the reader to write down the definition of a(12, £') for an arbitrary coherent 
sheaf E (just replace Ox,y by Ey everywhere in the construction). 

This is a convenient place to make one observation concerning an adelic condition which holds 
for a{l2,E): 

Lemma 4.4. Let E be a coherent sheaf on X, fix y G X^ , r >0, and let {fx)xey G 1^(12, i?); then 
fx & Ex + mx yEy for all but finitely many x E y. 

Proof. There is a coherent submodulc M C [Ey]y such that fx G Mx for all x £y. Let U ~ Spec A 
be an afhne open neighbourhood of y, and let q C A be the prime ideal corresponding to y. Then 
M[U) is a finitely generated A-submodule of E^ and therefore AI{U) C fE for some / G Aq. For 
any r > 0, the argument of lemma |3^ shows that / G + q''Aq for all but finitely many of the 
maximal ideals m of A sitting over q; for such maximal ideals, we have Aim C E^ + <fE^. Since U 
contains all but finitely many of the points of {y}, this is enough. □ 

4.2.5 Adelic group 012 

Finally, 

a(012) = lii^ a(12,M)C 11 ^■ 

MCF yeX^xey 

(and we similarly define a(012, E) for any coherent E, by taking the limit over coherent submodules 
M of the constant sheaf i?,,). 

4.2.6 Simplicial structure and cohomology 

Consider the following honiomorphisms of rings: 



F 




where the three ascending arrows are the obvious inclusions and the remaining arrows are diagonal 
embeddings. These homomorphisms restrict to the rational adelic groups just defined to give a 
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commutative diagram of ring homomorphisms: 



a(0) 




(and similarly with any coherent sheaf E in place of Ox)- For example, to see that is well- 
defined, once must check that if / € Ox,y then there is a coherent submodule M of [Ox.yly such 
that fx e Mx for all x € y; but / may be viewed as a global section of [Ox.ylj/ and therefore 
M Ox/ C [Ox,y]y suffices. 

We reach the analogue for X of the rational adelic complex which we saw for a curve in subsection 
14.11 above: 

Theorem 4.5. Let E be a coherent sheaf on X ; then the Zariski cohomology of E is equal to the 
cohomology of the following complex (which is the total complex associated to the above simplicial 
group): 

— > a(0, E) © a(l, E) © a(2, E) — > a(01, E) © a(02, E) © a(12, E) — > a(012, E) — > 
(/o, /i, f2) ^ {d°oJo - dlJi,dlj2 - a„"2/o, - 92^/2) 

(501,502,512) 5oi2501 + 9oi2.902 + <9oi25l2 

Proof. This is due to Parshin [TB] ; the general case of higher dimensional X is due to Beilinson [T] 
and Huber [6]. □ 

4.3 Construction of the trace map 

Let Ok be a Dedekind domain of characteristic zero with finite residue fields; its field of fractions is 
K. Let TT : X S ^ SpecO^ be an O^-curve as at the start of section [31 According to the main 
result of [T5], the relative dualising sheaf CJ of tt is explicitly given by, for open U C X, 

LU{U) = {uj e ^K{x)/K ■■ Res^ ,y(/w) e O^x) for (f) 
aWx £y dU and / e Ox,y} 

where x runs over all closed points of X inside U and y runs over all curves containing x. 
As previously, closed points of S are denoted s, and we put Os = Ok,s, Ks — FracOs. 

Proposition 4.6. //w = {Ldx,y)xey G a{012,UJ) and s G Sq, then 

Ress(w) ^ Res^, yU!x,y (t) 

s.t. xGytlXs 

converges in Ks, where the sum is taken over all points x and curves y in X for which x ^ y D Xg. 
Moreover, Res^ (lo) G Os for all but finitely many s E Sq. 

If OJ € 9g^2'^(12, W) then all terms of the sum, hence also ReSs(w), belong to Os- 
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Proof. Let E he a coherent submodule of the constant sheaf CJ,j = ^k(x)/k such that uj_ g a(12, E); 
then E and UJ are equal at the generic point (replacing E hy E + LiJ, if necessary), hence on an open 
set, and therefore Ey = CJy for all but finitely many y 6 X^. Wc call the remaining finitely many y 
bad. 

If ?/ is a horizontal curve which is not bad and x € y, then (-^x,y € Ey = CJy and so ReSa,^^ ^x,y = 
(indeed, if tt S Ok,s is a uniformiser at s then 7r~^ G ^x,y and so the definition of CJ implies that 
7T~™ReSx,yCL!x,y G Cs for all to > 0; this is only possible ii ReSx,y i^x,y = 0). Therefore, only finitely 
many horizontal curves contribute to the summation in (|); so it is enough to prove that if y is an 
irreducible component of Xs then 

^ ^ R,eSa;^y iOx^y 

xGy 

converges. This is straightforward, using lemma 14.41 and arguing exactly as in lemma 13. 3[ and 
completes the proof that ReSs(cj) is well-defined. 

Secondly, for any curve y, each of CUy and Ey arc (non-zero) finitely generated Ox.y submodules 
of ^Ik{x)/Kj and therefore there exists r > such that ^Ey C CUy; clearly wc may pick r so that 
this inclusion holds for all bad y. Then lemma 14.41 tells us that for all but finitely many x in any 
bad curve y, we have 

EyCEx+ m'x yEy CEx+CJy. 

Next, if 2/1, j/2 are two horizontal curves, then yi and ?/2 will have a common point of intersection 
on a vertical curve Y for only finitely many Y (for else yi n ?/2 would be infinite). It follows that 
there is an open set U Q X consisting of fibres such that any x G U satisfies one of the following 
conditions: 

(i) X sits on no bad curve; or 

(ii) X sits on exactly one bad curve y; y is horizontal and Ey C E.^ + CJy. 

Note that U contains all but finitely many of the fibres Xs, for s € Sq, and to prove our second 
claim it is enough to show that for any closed point x on a fibre Xs belonging to U, and curve y 
passing through x, one has KeSx,yU!x,y G Os- There are two cases to consider: 

(i) y is not bad. Then uj^.y £ Ey = CJy, whence Kes^^y uj^^y 6 Os by (f). 

(ii) y is bad. Then y is horizontal by construction of U and so ReSa;.y CJy = (as argued in the 
previous paragraph); therefore condition (ii) on U implies that Res^j.j, uJx^y ~ Res^j.y C foi' some 
C, G Ex. If F is any curve through x apart from y then C G -E'x ^ Ey = CJy and so (|) now 
implies that Res^^^y C G C.,. But the reciprocity law about a point from subsection 12.41 shows 
that 

Y 

where the sum is taken over all curves Y passing through x apart from y; therefore Rcs^; j, C G 

Os. 

This completes the proof that Res^ w belongs to Os for all but finitely many s G Sq. 

Finally, if w is in the image of the boundary map 9gi2 then uJx,y G CJy for all fiags x G y; so (f) 
implies that KeSx.y uJx.y G Os. This proves the final claim. □ 

Let 

A5 = JJ^ Ks = {{as) G ■ 0.S G Os for all but finitely many s} 

sdSo sSSo 

and 

As{0) =11 Os 

seSo 
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be the rings of adeles and integral adeles of K respectively (we will incorporate archimedean infor- 
mation in the final section). The adelic complex for S, as discussed in l4.1[ is 

— >K® As(0) — >h.s — ^ 
(A, (as)) (A - as) 

Corollary 4.7. The map 

Res : a(G12, CJ) A5, w ^ (ReSs(a;))sGSo 
is well-defined, and restricts to Reso9Q^2 • a(12,CJ) A5(0). 

Proof. This is exactly the content of the previous proposition. □ 
Define a map 

Res' : a(01,(x;) ©a(02,a;) ©a(12,a;) K ® AsiO) 

(w', w", w) ^ (Yl ^^^^ ^'zi'Rcsid^j^^)) 

where the first sum is taken over closed points z of X,, or, equivalently, horizontal curves in X , and 
Res2 denotes the usual residue for X-^ as a smooth curve over K (note that this makes sense as 
UJri ~ ^K{Xri)/K)- In the remainder of the paper, z will always denote a closed point of X^. 

The key application of the reciprocity laws is to deduce that taking sums of residues induces a 
morphism of adelic complexes: 

Proposition 4.8. The following maps give a homomorphism of adelic complexes from X to S : 
^ a(0, OJ) © a(l, CJ) ® a(2, W) ^ a(01, CJ) © a(02, W) ® a(12, W) — ^ a(012, W) ^ 

Ros' Ros 

*- K © As(0) ^ As *- 

Proof. Commutativity of the first square is equivalent to the following results: 

(i) If w e a{Q,iO) = ^K{S)/K then Y^zex^ Rcs^ w = 0. 

(ii) If w = {ijjy)y^x^ £ a(l, CJ) then X^zgx,, ^'^^z oJz and Res(9Qi29j^2^) ~ 0- 

(iii) If w e a(2, UJ) then Rcs^dH^dh^ = 0. 

(i) is the usual reciprocity law for the curve X^^jK. The first vanishing claim in (ii) holds since 
LiJz S i>J z = /K,z s-nd the residue of a differential form on X,; at a point where it is regular is 
zero. For the second vanishing claim in (ii), note that if s G 6*0 then 

ReS^i(aoi29oiW) ^ ^ReSa:,yWy+ ^ ^ ReSa;,yWy, 

yCXsX£y horiz. xeXsHy 

y 

where we have split the summation (J) depending on whether y is an irreducible component of Xs 
or is horizontal. But the first double summation is zero, according to the reciprocity law along a 
vertical curve (theorem [XT]) > while every term in the second double summation is zero since they are 
residues along horizontal curves y of forms in UJy (see the second paragraph of the previous proof). 
We will return to (iii) in a moment. 

Commutativity of the second square is almost automatic since Res' was obtained by restricting 
Res to a(01,CJ) and a(12,CJ); it remains only to check that if w S a(02,CJ) then JiesdQi2'^ = 0- 
This follows immediately from the reciprocity law around a point from 12.41 This also establishes 
(iii), since if a; € a(2, UJ) then 9o^?25i2^i^ = ^012502^ e d^l2a{Q2, U). □ 
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Noting that of the adehc complex for S is simply Ok and that of the adehc complex for 
X is H^{X,UJ) (by theorem 14. 5p . the proposition imphes that there is an induced map 

Res : H\X,U;) Ok- 

Our construction would be irrelevant without the final theorem; 

Theorem 4.9. Res is equal to Grothendieck's trace map tv^. 

Proof. There is a natural morphism from the rational adelic complex of X for the coherent sheaf CU 
to the rational adelic complex of X^i for the coherent sheaf Qxr,/K'- 



0- 



a{0,LJ) ® a{l,UJ) (B a{2,U) 



■ a{Ol,UJ) ® a{02,U) ® a{12,UJ) 



a(012,C<;) 



•0 



{ujo ,W2 )i->(wo ,pi (tJi ) ) 
^ ^K{X)/K © Uz&X^ ^X^/K,z 



nl 



(WOI ,1>J02 ,1^12 ) I-^POI (woi ) 



zeX, ^K(X)/K 



This is given by the identity a(0,iU) = ^Ik{x)/k, the projection 

vertical 



and the restriction of the projection 



n = n ^Kix)/K X Yi ^K 



(X)/K 



yex^ 

vertical 



Y\_ ^K(X)/K 

zeXr, 



yeX^ z£X,j 

to the adehc spaces 0(01,61^) ^ Illex ^k{x)/k- 

By the functoriality of adeles, the resulting map H*{X,UJ) H* {Xn^^x /k) is the natural 
map on cohomology induced by the restriction LiJ\xr, = ^x,Jk- Using this, we will now show that 



H\X,UJ) ^H\X^,nx^/K) 

Res tr 

Ok 



(^) 



commutes, where the right vertical arrow is the trace map for the _ftr-curve Xrj. Indeed, from the 
definition of Res' above, the following diagram certainly commutes: 



Ker(a(01,CJ) © a{t)2,UJ) ® a(12,aj) a(012,a;)) 

Res 

Kcr(i^ © A5(0) ^ A5) = Ok 



(woi ,"02 ,^12) f->poi ("01 ) 



n: 



z(^X^ ^K(X)/K 



K 



Passing to cohomology groups, we deduce that 

H\X,U) ^H\X^,nx^/K) = GokeT{nKix)/K®Y\zex, ^xjk.z ^ Illex, ^k{x)/k) 



Res 

Ok 



K 
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commutes; but the vertical map on the right is the trace map for Xj-p by the famihar result (which 
we are generalising!) that the trace map of a smooth projective curve is represented by the sum of 
residues. This completes the proof that (^) commutes. 

Finally, the diagram also commutes if Res is replaced by tr^r, since trace maps commute 
with localization of the base ring. Therefore Res = tr^r- □ 

Remark 4.10. Before complicating matters by incorporating archimedean data, this is a convenient 
opportunity to explain how the previous material should fit into a general framework. 

A flag of points on a scheme X is a sequence of points ^ = (xq, . ■ . , a;„) such that .t,;_i £ {xi} 
for i = 1, . . . , n. By a process of successive completions and localizations, the flag ^ yields a ring F^^. 
More generally, to any quasi-coherent sheaf E, one obtains a module over F^; for details, see [SJ 
§3.2]. 

Now let / : X — > y be a morphism of S'-schemes, where S* is a Noetherian scheme (perhaps 
Cohen-Macaulay), and notice that we may push forward any flag from X to Y, 

MO ■■= (/(xo),...,/(x„)), 

resulting in an inclusion of rings C F^. Let UJx, denote the dualizing sheaves of X, Y 

over S. If / is proper (and probably Cohen-Macaulay) of fibre dimension d, then wc expect there 
to exist a residue map 

Res^ : UJx.i ^ LUyj,{Ci 

which is the trace map when / is a finite morphism and which is transitive when given another 
proper, CM morphism Y ^ Z . Globally, taking sums of these residue maps will induce a morphism 
of degree — d on the adelic complexes 

Resx/y : A(X,CJa') ^ K{Y,UJy)- 

The patching together of the local residue maps to induce a morphism of complexes is equivalent to 
a collection of reciprocity laws being satisfied. In turn, this induces maps on the cohomology 

H*{X,UJx) = H*{A{X,UJx)) H*-''{A{Y,Uy)) - H*-''{Y,Uy), 

which will be nothing other than Grothendieck's trace map. 

When S" is a field this framework more-or-less follows from [13] and [21] , though it has not been 
written down carefully. This article and the author's previous [T5] focus on the case Y = S = 
Spec Ok and X = a surface. 

The fully general case requires a rather careful development of relative residue maps in arbitrary 
dimensions, and becomes a technically difficult exercise quite quickly. The Hochschild honiology- 
theoretic description of residue maps [7] |llj may be the key to a smoother approach. 

5 Archimedean reciprocity along horizontal curves 

We continue to study an O^f -curve X in the sense introduced at the start of section |3l but we now 
assume that K is a number field and Ok its ring of integers (with generic point jy). If oo is an 
infinite place of K then we write X^c = X Xq^ K^o where K^o is the completion of K at cxd; so X^o 
is a smooth projective curve over K or C. 
The natural morphism 

X^=X A'oo a X,, = X K 

can send a closed point to the generic point; but there are only finitely many points over any closed 
point. Indeed, let z G X,, be a closed point; then the fibre over z is 

Xoo xx^ k{z) = (A'oo Xk X,^) Xx^ k{z) = Spec{Kr^ ®k k{z)), 
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which is a finite reduced scheme. 

If 2/ is a horizontal curve on X then y = {z} for a unique closed point z G X^. We say that a 
closed point x € X^o sits on y if and only if pix) = z. Hence there are only finitely many points on 
Xoo which sit on y, and we will allow ourselves to denote this set of points by y n X^o- Such points 
are the primes of K^o ®k k{z) and therefore correspond to the infinite places of the number field 
k{z) extending the place oo on K. Note that each x G X^o sits on at most one horizontal curve, 
which may seem strange at first. 

In this situation, we define the archimedean residue map Res^^^j^ : ^k{x)/k ~^ ^oo to be 

^K(X)/K > ^K{X^)/K^ ^^^^ Kao, 

where Res^^ is the usual one-dimensional residue map associated to the closed point x on the smooth 
curve Xoo over Koo- 

The following easy lemma was used in remark FS.Ol since we need it again, let's state it accurately: 

Lemma 5.1. Let C be a smooth, geometrically connected curve over a field K of characteristic zero, 
let L he an arbitrary extension of K , and let z he a closed point of C. 

(i) Let x £ Cl be a closed point sitting over z; then the following diagram commutes: 

^k(Cl)/l — ^ k{x) 



^K(C)/K — ^ k{z) 

(Notation: res^ is the residue map ^k{C)/k ^ k{x), and then HeSx = ^T:k{x)/K ° res^^; similarly 
for other points.) 

(a) With X now varying over all the closed points of Cl sitting over z, the following diagram 
commutes: 

^1'K{Cl)/L ^ L 



Rcs~ 



^K{C)/K ^ K 

Proof. If t € K{C) is a local parameter at z then it is also a local parameter at x, and the char- 
acteristic zero assumption implies that there are compatibile isomorphisms K{Cl)x = k{x){(t)), 
K{C)z = k{z){{t)); the first claim easily follows. Secondly k{z) (E)k L = fc(a;), so that 

T^i^k{z)/K — 'l2x\z^^k{x)/Lj hence, for lo 6 ^k{c)/k^ ^ait (i) lets us use the usual argument: 

^ReS:c(w) = ^Tri,(^)/ires^(a;) 

x\z x\z 

x\z 

= Trfc(2)/Kres^(a;) 

= Res^(a;) □ 

We obtain an analogue of remark 13.91 

Corollary 5.2. Returning to the notation before the lemma, if oo and y = {z} are fixed, and 
UJ e ^K(X)/K, then 

ReSaj^y Lo — Res^ to. 

x£ynXaa 
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Proof. Apply the previous lemma with C = X,-) and L = Kqo- □ 

Write S = Spec Ok U {oo's} for the 'compactification' of S" = Spec Ok by the infinite places (in 
fact, the notation s € S will always mean that s is a place of K , never the generic point of S) and 
let , 

%= n^^'-^ X y[k^ 

be the usual ring of adclcs of the number field K. Let 

tp = 'Si^^-gips ■ (= the circle groujH) 

be a continuous additive character which is trivial on the global elements K C A-g [20l Lem. 4.1.5]. 

Note that, if y is a horizontal curve on X, then even with our definition of points at infinity, it 
does not make sense consider a reciprocity law 

"^Res^^yu = 0" 

since the residues appearing live in different local fields. This problem is fixed by using the "absolute 
base" 51 : 

Definition 5.3. Let y be a curve on X and x G y a closed point sitting over s ^ S (this includes 
the possibility that y is horizontal and s is an infinite place). Define the absolute residue map 

i'x,y ■ ^K{X)/K 

to be the composition 

^'■K(X)/K > > J ■ 

We may now establish the reciprocity law on X along any curve, including the horizontal ones: 

Theorem 5.4. Let y be a curve on X and lu G ^k{x)/k- Then for all but finitely many closed 
points X € y the absolute residue ipx.yii^) is 1, and 



n V'x,a(w) = 1 

xey 

in . 

Proof. First consider the case that y is an irreducible component of a special fibre X^ (here s G So). 
Then Ker^/^^ is an open subgroup of Kg, and so the proof of lemma 1 3. 3 1 shows that Res^^^y w G ¥^evipg 
for all but finitely many x £ y. Also, 

n '^^,y(^) ^"^AYl ^(^^x,y{i^) 1 , 
xey \xey I 

which is ^/'s(O) ~ 1 according to the reciprocity law along the vertical curve y (theorem 13. ip . 

Secondly suppose that y — {z} is a horizontal curve; here z is a closed point of X^^ The proof 
of proposition 14.61 shows that ReSa;^^ w S 0^(2;) for all but finitely many x £ y (here x is a genuine 
schematic point on X)] since Y^eiipg contains Os for all but finitely many s G S'o, it follows that 
ii^x,y{^) = 1 foi' all but finitely many x £ y. It also follows that 




ReSa:,^ UJ 



ses 



We never consider the set of codimonsion one points of 5 = Spec Ox, so this shouldn't cause confusion. 
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belongs to Ag, and clearly 

But remark 13.91 (for s & Sq) and the previous corollary (for s infinite) imply that / is the global 
adele Res2 oj G K. As ip was chosen to be trivial on global elements, the proof is complete. □ 

Remark 5.5. The reciprocity law around a point x £ stated in section obviously implies 
that the absolute residue maps satisfy a similar law: 

n ^^^A^) = 1- 

ycx 

s.t. yBx 

Therefore we have absolute reciprocity laws for all points and for all curves, which are analogues 
for an arithmetic surface of the reciprocity laws established by Parshin [THj for an algebraic surface. 

Remark 5.6. Let F^^y be the finite direct sum of two-dimensional local fields attached to a flag 

X 6 y; i.e. Fx^y — Frac where A = Ox.x, p ~ yOx.x, and y C Ox.x also denotes the local equation 
for y at x; so F^^y = ®y'\y ^x,y where y' varies over the finitely many height one primes of A over 

y, and F^^y' = FracAj,'. 

By the local construction of the residue maps we see that ipx,y is really the composition 

^K{X)/K > ^K{X)/K ®K{X) Fx,y = ^ ^^pl^yi/K^ ^ ^ 5^ 

y'\y 

and each ?/'soRes_F^ ^, : F^^y' — > S*^ is a continuous (with respect to the two-dimensional topology; see 
remark [^7^ character on the two-dimensional local field F^^y' ■ This character will induce self-duality 
of the topological group F^.y', which in turn will induce various dualities on the (complete) adelic 
groups; for some results in this direction, see [3l §27, §28]. 

Remark 5.7. Taking S ~ SpecZ, it would be very satisfying to have an extension of the framework 
discussed in remark I4.f 01 to include archimedean points. The main existing problem is the lack 
at present of a good enough theory of adeles in arbitrary dimensions which include the points at 
infinity. The author is currently trying to develop such a theory and hopes that this will allow the 
dualities discussed in the previous remark to be stated more precisely and in greater generality (in 
all dimensions and including points at infinity). 
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